AD=AL11S 57S

UNCLASSIFIED

AIR FORCE INST OF TECH WRIGHT=-PATTERSON
A MODIFIED CRAMER=VON MISES AND ANDERSO
DEC 81 J 6 BUSH
AFIT/GOR/MA/81D=-2

AFB OH SCHO0==ETC F/G 12/1°
N=DARLING TEST FOR THE wW==ETC (1))







A 4

A MODIFIED CRAMER-VON MISES AND
ANDERSON-DARLING TEST FOR THE
WEIBULL DISTRIBUTION WITH
UNKNOWN LOCATION AND
SCALE PARAMETERS

THESIS

John G. Bush
AFIT/GOR/MA/81D-2 Major USAF




AFIT/GOR/MA/81D-2

A MODIFIED CRAMER-VON MISES AND

ANDERSON-DARLING TEST FOR THE
WEIBULL DISTRIBUTION WITH
UNKNOWN LOCATION AND
SCALE PARAMETERS

THESIS

Presented to the Faculty of the School of Engineering

of the Air Force Institute of Technology

Air University
In Partial Fulfillment of the
Requirements for the Degree of

Master of Science

by _Sf\

gc
John GJ B)ush
Major USAF

Graduate Operations Research

December 1981

Approved for public release; distribution unlimited.

T e A o Cee - R

Accession Por

NTIS GRAXI B |
DTIC TAB 5

Unannounced 0
Justification_________

By.

—

Dist

| Distribution/
Availgbility Codes

Avail ang/or
Special

——— . . o S




Preface

The purpose of this thesis is to generate critical
values for the modified Anderson-Darling and Cramer-von Mises
statistics. These critical values are used for testing
whether a set of observations follows a Weibull distribution
when the scale and location parameters are unspecified and
are estimated from the sample. An extensive power study is
made to compare the power of the Anderson-Darling, Cramer-
von Mises, Kolmogorov-Smirnov, and the Chi-Square goodness-
of-fit tests.

I wish to express my sincere appreciation to my
advisor, Capt. Brian Woodruff, for his guidance throughout
this study. I also wish to thank my readers, Lt. Col.

James Dunne and Dr. Albert H. Moore, for their encouragement
throughout my thesis endeavor.

Finally, I wish to acknowledge my gratitude to my
wife, Gloria, for her support when my spirits were low, and

to my daughter, Kirsten Ashley, born 7 March 1980.

John G. Bush
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AFIT/GOR/MA/81D-2

Abstract

The Anderson-Darling and Cramer-von Mises critical
values are generated for the three-parameter Weibull distri-
bution. The critical values are used for testing whether a
set of observations follows a Weibull distribution when the
scale and location parameters are unspecified and are esti-
mated from the sample. A Monte Carlo simulation, with 5000
repetitions, is used to generate critical values for sample
sizes 5(5)30 and Weibull shape parameters .5(.5)4.0.

A Monte Carlo power investigation of the Anderson-
Darling and Cramer-von Mises tests is made using 5, 15, and
25 observations from ten alternate distributions. The power
of the two tests are compared to the Kolmogorov-Smirnov and
the Chi-Square tests. The power of all the tests are low
with a sample size of five. When the hypothesized distribu-
tion is the Weibull with shape equal 1.0, the power of the
tests in decreasing order are: Cramer-von Mises, Anderson-
Darling, Kolmogorov-Smirnov, and Chi-Square. When the
hypothesized distribution is the Weibull with shape equal
3.5, the power of the tests are the Anderson-Darling, followed
by the Cramer-von Mises, Kolmogorov-Smirnov, and the Chi-Square
test.

A relationship between the Anderson-Darling and

Cramer-von Mises critical values with the Weibull shape

X




parameters is investigated. The critical values of both of
the tests are found to be a function of the inverse of the

shape parameters.
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A MODIFIED CRAMER-VON MISES AND
ANDERSON-DARLING TEST FOR THE
WEIBULL DISTRIBUTION WITH
UNKNOWN LOCATION AND
SCALE PAkAMETERS

I. Introduction

Reliability theory and life testing of equipment is
of great importance to the U.S. Air Force. The mean time to
failure and the failure rate ot equipment and systems are an
important input into the decision making process.

Through experimentation and observation, time to
failure data can be collected. The data can be compared to
a theoretical probability distribution. The test to deter-
mine if the hypothesized distribution "fits'" the data in the
sample is known as the ''goodness-of-fit test.” There are
several classical goodness-of-fit tests, such as: the Chi-
Square test (xz),‘the Kolmogorov-Smirnov test (K-S), the
Anderson-Darling test (AZ), and the Cramer-von Mises test
(wz). I1f such tests show a good "fit," the hypothesized dis-
tribution can then be used in simulation modeling techniques
to predict the failure rates of Air Force systems or system

components.
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Background

The general goodness-of-fit tests are valid to test
whether a set of observations come from a completely speci-
fied distribution. The tests have been modified when the
parameters of the distribution are unknown and are estimated
from the data sample. The K-S test has been modified by
" H.W. Lilliefors so the test can be used with the normal (16)
and the exponential (17) distributions when the parameters
are unknown and are estimated from the data. R. Cortes
further extended the K-S tesﬁ so it can be used with the
Gamma and Weibull distributions when the scale and location
parameters are unknown (4). In 1969, Green and Hegezy (10)

used the K-S, WZ and the A2

tests to generate rejection tables
for the goodness-of-fit for the uniform, normal, Laplace,
exponential, and the Cauchy distribution with unknown para-
meters. Mann, Scheuer, and Fertig developed in 1973 a new
goodness-~of-fit test for the two-parameter Weibull distribu-
tion with unknown parameters. They called the new statistic
‘the L and S statistic (19). In 1979, Littell, McClave, and
Offen (18) used the K-S, Wz, and the A2 tests to generate the
rejection regions for the two-parameter Weibull distribution
when the shape and scale parameters are unspecified.

Empirical Distribution
Function

The empirical distribution function (EDF) statistics
are a class of statistics based on a comparison between the
cumulative distribution function F(x) and the empirical

2
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distribution function Sn(x). The EDF of a random sample of
size n is the proportion of the sample values which do not

exceed the number x:

<
Sn(x) = number of sample values X x (1)

n

Thus, Sn(x) is a step function with 1/n jumps at each order
statistic of the sample (9:73). Letting x(l)’x(Z)""x(n)

be order statistics, Sn(x) is defined by Eq (2).

Y
Sn(x) = i/n , Xe1) £ X < X(3+41) , i=1,2,...,(n-1) (2)

1 , x> x(n)

Since Sn(x) gives the proportion of a random sample less than
X, it is reasonable to expect it to give a good estimate of
the hypothesized cumulative distribution function F(x}. In

fact, goodness-of-fit tests based on EDF statistics measure

the discrepancy between Sn(x) and F(x).

The EDF statistics used in this thesis are the
Anderson-Darling statistic and the Cramer-von Mises statistic.
They are compared with perhaps the best known EDF statistic,
the Kolmogorov-Smirnov goodness-of-fit test. The K-S statis-
tic measures the maximum vertical discrepancy between the
cumulative distribution function and the empirical distribu-

tion function (23:2).
Cramer-von Mises Goodness-of-Fit Test Statistic. The

Cramer-von Mises statistic is based on the squared integral of
the difference between the cumulative distribution tested and

3




the EDF (23:2):
WA = 2 [sn(x) - F(x)1% v(x)dx (3)

where y(x) gives a weighting to the squared difference. The

Cramer-von Mises statistic is figured with ¢(x) = 1. The

2

computational formula to calculateW® is given by Eq (4).

Letting x(l),x(z),...x( be the n order statistics

n)
and letting Ui = F(xi), the cumulative distribution function

then,
n .
2 _ 1 _ 2i-1,2
LA v SIS U By 4
i=1
If Wz is too large, the hypothesized distribution is rejected

(1:765).

Anderson-Darling Goodness-of-Fit Test Statistic. The

Anderson-Darling goodness-of-fit statistic is also based on
the squared integral of the difference between F(x) and Sn(x).

The A2 statistic is given by Eq (3) with

¥(x) = [(F(x))(1-F(x))]"} (5)

This weight function has the effect of giving greater import-

ance to observations in the tails (23:2). The computational

2

formula to calculate A® is given by the next equation (16):

A2 = I P
= -n H{ z (21-1)[1n(Ui)+1n(1-U

i=1

)1} (6)

n+l-i

2

If A® is too large, then the hypothesis is rejected (23:4).

——— -
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Unknown Parameters. Because of the probability inte-

gral transformation, the values of a completely specified
cumulative distribution are ordered values from a uniform
distribution over the interval from zero to one. EDF goodness-
of-fit tests test the hypothesis that a sample has been drawn
from a fully specified continuous cumulative distribution.
Thus, EDF statistics are a function of ordered uniform random
variables (23:4). In general, if the cumulative distribution
function is not completely specified, the distribution of the
EDF statistics will depend on the sample size n and the values
of the unknown parameters (23:4). However, David and Johnson
showed, in 1948, that the distribution of any EDF statistic

is simplified when the unknown parameters are the location

and scale. They showed the distribution of any test statis-
tic based on the cumulative distribution function using invari-
ant estimators for location and scale will depend on the
distribution tested, but not on the specific values of the
unspecified scale and location parameters (5:182). Thus, the

2, WZ, and K-S statistic for the Weibull

distribution of the A
distribution with unknown scale and location parameters will
depend on the sample size n, but will be independent of the

scale and location parameters,

Problem
It is well known that the EDF goodness-of-fit tests
are, in general, more powerful tests of the null hypothesis

than is the Chi-Square test (24:730). The most powerful

ahese




goodness-of-fit tests among the Anderson-Darling, Cramer-von
Mises, and the modified Kolmogorov-Smirnov tests for the
three-parameter Weibull distribution when the scale and loca-

tion parameters are not specified is not known.

Objectives
This thesis has the following objectives:

1. To generate the Anderson-Darling rejection tables
for the three-parameter Weibull distribution when the scale
and location parameters are not specified.

2. To generate the Cramer-von Mises rejection tables
for the three-parameter Weibull distribution when the scale
and location parameters are not specified.

3. To conduct a power comparison between the K-S,

2 2

A%, w?

, and the x° goodness-of-fit tests for the three-
parameter Weibull distribution when the scale and location
parameters are not specified.

4. To investigate a relationship between the shape
parameter of the Weibull distribution and the Anderson-Darling

and Cramer-von Mises critical values.
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II. The Weibull Distribution

History and Application

The Weibull probability density function (pdf) was
developed in 1939 by a Swedish scientist, Waloddi Weibull.
In his study, he examined the distribution of the phenomenon
of rupture in solids. In a paper published in 1951, Weibull
demonstrated the application of the distribution in the inves-
tigation of the yield strength and fatigue of steel, the size
distribution of fly ash, and the fiber strength of cotton
(26:293). Although the Weibull distribution was first applied
to the fatigue of materials, the distribution is very flexible
and has proved very useful in other fields of study as well.
Peto and Lee used the Weibull distribution in their experi-
ments with continuous carcinogenesis experiments with labora-
tory animals (21:457). Today, the Weibull distribution is
best known for its application in the field of reliability.

The Weibull distribution is related to the exponen-
tial distribution. However, the Weibull distribution with
the three parameters--shape, location, and scale--can model
a variety of hazard situations. Where the exponential has a
constant failure rate, 1/9, the Weibull distribution can deal
with an increasing, constant, or decreasing failure rate.
Since many systems often experience a burn-in period (decreas-

ing failure rate) followed by a useful life (constant failure

PN —_ = 4




rate) followed by a wearout period (increasing failure rate),
the Weibull distribution can be very useful in describing

these phenomena.

The Three-Parameter Weibull

The Weibull pdf represents the distribution of x,
such as the time of failure of a piece of equipment. Let ¥
denote the shape parameter, C the location parameter, and 6

the scale parameter. The Weibull pdf is:

K-1
.Ii].(-_c_).__ exp{-(it_c.)l(} , K,8>0,C<x
ok 0 -
F(x:K,C,8) = )

0 , otherwise

The Weibull cumulative distribution function (CDF), F(x) is

given by:
F(x) = [ £(x:K,C,0)dx (8)
=1 - exp{~(5%9)x} K,8>0, C<x (9)
The mean and variance of the Weibull distribution are:

K+1

Mean = C*QF(T) (10)
variance = c?[r(¥¢% - r2&edy) (11)

If there are n identical equipment components with
the same failure distribution F(x), then the hazard function
is the percentage of the n components that will fail in the

next time interval x. The hazard function is defined as:

m——— . omme




The hazard function for the three-parameter Weibull distribu-

tion is:

K-1
h(x) = ELELE%___ (13)

8

The shape parameter K determines whether the hazard function
is decreasing, constant, or increasing. A shape parameter K
less than unity has a decreasing hazard rate and describes
the burn-in period. A shape parameter K equal to unity has
a constant failure rate, 1/68, and describes the useful life
period. A shape parameter K greater than unity has an in-
creasing hazard rate and describes the wearout period. This
description is commonly known as the bath tub curve as shown
in Fig. 1.

The Weibull distribution reduces to the exponential
distribution when K is set to one and C is set to zero. The
Weibull distribution approximates the normal distribution
with K = 3.4 (3:45). Figure 2 depicts the Weibull with dif-
ferent values of K while C and 8 are held constant. This
flexibility in describing different failure rates makes the
Weibull distribution most appealing.

The location parameter C indicates the value x at
which failures begin occurring. With C equal zero, failures
can occur immediately.after the component or device is put
into operation. A location parameter greater than zero indi-
cates that there is a period of time which is failure free.

9
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Hazard rate

ptnod
! ' !
0 - - - o —_— -
" Decruasing Constant hazard rate Increasing hazard rate
hazard rate

Operating time (component age or hifa)
Fig. 1. Bath Tub Curve (7:28)

A location parameter less than zero indicates that the com-
ponents are defective at the time of initial operation.
Failure during storage of the component would be modeled
using. a negative location parameter. In this thesis, it
is assumed C is non-negative. In Fig. 3, C is varied while
the shape parameter and scale parameters are held constant.
The scale parameter 6 affects the dispersion of
the random variable, x, about its mean and is sometimes
called the characteristic life (3:48). Figure 4 depicts
various values of 8 while the shape and location parameters

are held constant.

10
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Fig. 2. Weibull Distribution with
Different Values of K; 8=1; C=0 (2:47)
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Fig. 3. Weibull Distribution with
Different Values of C: 8=1; K=2 (2:48)

-} iR & 2.8 28
Fig. 4. Weibull Distribution with
Different Values of 8; K=2; C=0 (2:46)
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IITI. Methodology

This thesis presents a Monte Carlo method for obtain-
ing the critical values of the modified Anderson-Darling and
the modified Cramer-von Mises goodness-of-fit for the three-
paramneter Weibull distribution when the scale and location
parameters are not specified. This chapter discusses the
procedures used in this thesis. First, an outline and flow
chart of the Monte Carlo method is presented. This is followed
by a detailed description of the steps taken in the Monte Carlo
procedure. The chapter concludes with a description of the
power study and of the analysis of the critical values for
each goodness-of-fit test versus the Weibull shape parameters.

Steps in the Monte Carlo
~Method

The following nine steps outline the Monte Carlo
method used to calculate the critical values for the A2 and

wz

goodness-of-fit tests. The flow chart in Fig. 5 i1llustrates
the method.

1. For a fixed sample size n and fixed shape para-
meter K, n random Weibull deviates are generated using a
computer subroutine. All Weibull deviates are generated with

location parameter C=2 and scale parameter 6=1,.

2. The n random deviates are ordered, xcl),x

(2)’
9 X(p)
12

o e




s

rd

N

Generate Random
Weibull Deviates

Order Random
Weibull Deviates

Estimate Location and
Scale Parameters

Determine Hypothesized
Distribution Function
F(x)

Calculate Az or WZ
Statistic

N
AJ

Fig 5. Flow Chart
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Fig 5, Flow Chart continued

Step 6
Determine the 80th, 85th,
90th, 95th, and 99th Step 7
Percentiles
Repeat

N=5(5) 30 Step 8

Repeat \\\\\\
K=.5(.5)4.0//,/’ Step 9
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3. The ordered random Weibull deviates are used to
estimate the scale and location parameters by the method of
maximum likelihood.

4, The estimated scale and location parameter and
the fixed shape parameter are used to determine the hypothe-
sized distribution function F(x).

5. The Anderson-Darling statistic is calculated
using Eq (6).

6. Steps 1 to 5 are repeated 5000 times, thus
generating S000 independent A2 statistics.

7. The 5000 statistics are ordered. Using a plot-
ting position, described later, the 80th, 85th, 90th, 95th,
and the 99th percentiles are calculated by linear interpola-
tion.

8. Repeat steps 1 to 7 for sample size n equal to
5, 10, 15, 20, 25, and 30.

9. Repeat steps 1 to 8 for shape parameter K equal
to .5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, and 4.0.

The critical values for the Cramer-von Mises test is
calculated using the same procedure by calculating the w2
statistic in step 5 using Eq (4).

Generation of the Random Weibull Deviates. The

random Weibull deviates are obtained on the Control Data

System (CDC) 6600 computer using the International Mathemati-

cal and Statistics Library (IMSL) subroutine GGWIB (12: Ch. G).
This subroutine generates pseudo-random deviates

by
15
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1/K

x = [-1n(u)] (14)

where u is a pseudo-random deviate from a uniform (0,1) dis-
tribution. Thus, the deviates obtained by this subroutine
are from the Weibull distribution with location parameter

C = 0, scale parameter 6 = 1, and the shape K set as an input
parameter. Deviates from the more general Weibull pdf are

obtained using the transformation

x* =6 « x + C (15)

In this thesis 6 = 1 and C = 2. The reason for this step
will be explained after the parameter estimation routine is
discussed.

Ordering of the Deviates. The random Weibull devi-

ates are ordered, smallest to largest, using the CDC 6600
IMSL subroutine VSRTA (12:Ch. V).

Method of Maximum Likelihood Estimation of the

Weibull Parameters. The procedure to derive the maximum

likelihood estimators ﬁ, E, 8 of the Weibull parameters K,

C, 6 was developed by Harter and Moore (11:639). This is a
general purpose iterative method for censored or uncensored
samples. The Harter and Moore parameter estimation routine
maps negative estimates onto zero. If Weibull deviates are
generated with location C = 0 and scale 6 = 1, the estimators
E and 8 will not retain the invariant property because within
the iterative estimation procedure negative location estima-
tors are mapped onto zero. Thus, Weibull deviates are
generated with C = 2 and § = 1, preventing the generation of

16




negative location estimators. Because of the invariant pro-
perty of the EDF statistics, this transformation will not
adversely affect the results,

The method of maximum likelihood selects as estimates
those values of the parameters that maximize the probability
or joint density of the observed sample (20:302). The likeli-
hood function is defined as follows. Let XysXgsee Xy be
sample observations taken on corresponding random variables:
X;5X

.,Xn. Then if X .Xn are continuous random

g0 l,xz,..
variables, the likelihood, L, is defined to be the joint
density evaluated at Xy9XgseeesXy (20:303). For the Weibull

pdf, the likelihood function can be represented by:
L = f(xl,xz,...,xn:K,e,C) (16)

Since the deviates, x., are derived randomly, xl,xz,...,x

1 n

are mutually independent random variables. Hence,

L = 3 f(x, :X,8,C) (17)
i=1 1

The method of maximum likelihood chooses as estimates those
values of the parameters that maximize the likelihood L.
The procedure is:

1. Take the partial derivatives of the natural
logarithm of L with respect to each parameter.

2. Set these equations to zero.

3. Solve simultaneously the equations for the values

of the parameters.

17
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The Weibull pdf is

k-1 -
£(x:X,0,C) = [ELE—S%-'—] exp [-(5971,

8, K>0,x>C>0 (18)
then
. n R L N
L= kP x (x,-0% 1) exp 107 T (x-0)K) (19)
i=1 i=1l
and
n -x D K
In(L) = nlnK-Knlne+(K-1) I 1n(xi-C)-9 z (xi-C) (20)
i=1 i=1

Taking the partial derivatives of 1n(L) with respect to K,

8, and C yields:

n L
ilgékl = 2 - nlne+ I In(x;-0)-0"K % (xi-C)kln(xi-C)=0 (21)

i=1 i=1
P
3in(l) . _ Kn, yoK-lp (9K 2 g (22)
30 [2) . 1
i=1
n n -
alngL) = (1-K) I (x,-c)'1+Ke’K T (x.—C)K Lo (23)
j=1 1% i=1 !

In this thesis K is an input parameter so the last

two equations (22 and 23) are solved simultaneously to deter-

mine 6 and C. Solving Eq (22) for 6 yields

n ( A)K
~ .. (x.-C
8 « (31 1~ 41/K (24)

n

18
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The iterative procedure of solving for 5 and C using Eqs (23)
and (24) yields the maximum likelihood estimates.
For the special case when the shape parameter K = 1,

the likelihood function L is maximized when

C = x(qy (25)

and

A n
p = iEz(x(i) - x(1)) (26)

th

where X(1) is the i~ order statistic of the sample.

The Hypothesized Distribution F.nction F(x). The

maximum likelihood estimates for the location and scale para-
meters, the known shape parameter K, and the n ordered Weibull
deviates, x(i), are used to calculate the hypothesized

Weibull distribution function by
F(x;) =1 - exp{[(xi~a)/5]K} (27)

Determining the Critical Values of the Anderson-

Darling and the Cramer-von Mises Goodness-of-Fit Tests. The

A2 or Wz statistic is calculated using Eq (6) or Eq (5).
This procedure is repeated 5000 times. The 5000 A2 (Wz)
statistics are ordered. Using a plotting position and linear
interpolation, the 80th, 85th, 90th, 95th, and 99th percen-
tiles are found. The percentiles are the critical values
for the geoodness-of-fit test.

The use of plotting positions to determine the

critical values is based on the "bootstrap" method (8).

19
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Three plotting positions are considered. The first,

(i - .5

. (28)

is the middle of the interval from (i-1)/n to i/n. The

second plotting position considered,

i - .3
d (29)
is the median ranks plotting position. The last one con-
sidered,

! +
BT AT (30)

is the averag~ of the mean plotting position, i/(n+1) and the
mode plotting position, (i-1)/(n-1). One important property
shared by all three of the plotting positions is the property

of symmetry. For each plotting position over the interval

0 to 1,
i-%‘- (n-1) - 1
n =1- ——a_ (31)

for 1 < i < n for any sample size n. Johnston, in 1980, used
the median ranks plotting position in a method similar to the
one used in this thesis (14:22). At 5000 repetitions (n =
5000) there is no difference in the third significant digit

2 and W2

in calculating the A statistics for the three plotting
positions. For simplicity, plotting position described by
Eq (28) is used.

The critical values are calculated using linear

20




interpolation of the ordered A2 (wz) statistics as the abscissa
axis and the associated ordinate axis of ordered plotting
positions. Figure 6 depicts this procedure. The arrays

making up the abscissa and ordinate axes are composed of

5002 entries. The 5000 values of the plotting position, Eq
(28) with n = 5000 and i = 1,2,...,5000, are entered in the
ordinate array from position 2 to 5001. The interval [0,1]

is completed by entering zero and one into position 1 and 5002,
respectively. The 5000 ordered A2 (WZ) statistics are entered
in the abscissa array from position 2 to 5001. The first and
last entries of the array are calculated by linear extrapola-
tion., The first entry is calculated by linearly extrapolating
from the second and third entry (first and second order statis-
tic) subject to a non-negativity restriction. The 5002nd
entry in the abscissa array is calculated by linearly extra-
polating from the 5000th and 5001st entry (second to last and
last order statistic), not subject to a maximum value. The
80th, 85th, 90th, 95th, and 99th percentiles are calculated

by linearly interpolating between the order statistics and

the respective plotting positions. For example, the 80th
percentile is calculated as shown in Fig. 6. The plotting

th entry in the array,

position just greater than .80, say the i
and the plotting position just smaller than .80, the (i-1l)st
entry in the array, are found. Thus, the 80th percentile is

th

found by interpolating between the i entry in the ordinate

and abscissa array and the (i-1l)st entry.

21
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5000 Plotting Positions
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Fig 6. Plotting Positions Versus Az or
w® Statistics
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Power Comparison

In this study the powers of the Anderson-Darling test
and the Cramer-von Mises test are compared with the modified
Kolmogorov-Smirnov test and the Chi-Square test. The power
of each test is compared for several alternative distributionms.
The null hypothesis is

Ho: Sample deviates follow a Weibull distribution,
shape parameter K versus

Ha: Sample deviates follow some other distribution

In the power study, two null hypothesis K values are used,
K =1.0 and 3.5. The random deviates of the alternative dis-
tributions are generated using CDC 6600 IMSL subroutines.
The following distributions are used in the study:
1. Weibull, shape equal 1.0
Weibull, shape equal 2.0

Weibull, shape equal 3.5

Gamma, shape equal 1.0

Gamma, shape equal 2.0
Uniform (1,2)
Normal (10,1)

.

Beta (p=1, q=1)

.

W oo N O UV e N N

Beta (p=2, q=2)
10. Beta (p=2, qu)

The Gamma distribution with shape parameter equal
one is equivalent to the Weibull distribution with shape equal
one since both distributions reduce to the exponential. The
Gamma with shape parameter equal two is presented in Fig. 7.
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Fig. 7. Gamma Shape = 2

The Beta pdf

f(x) = %%%}%%ET xp'l(l-x)q'1 , 0 <x<1 (32)

for the above values of p and q are presented in Figs. 8a, 8b,

and 8c. The other alternate distributions are well known and
will not be discussed here.

Five thousand random samples of size n are generated
for each of the ten alternate distributions. The respective

2 2 are calculated under the

test statistic, AZ, wW®, K-S, and ¥
null hypothesis that the random deviates follow the Weibull
distribution with shape parameter K. The calculated statistics
are then compared to the respective critical value for each

2 and WZ

goodness-of-fit test. For the A tests, the critical
values generated in this thesis are used. The K-S critical
values presented by Cortes (4:48-57) were generated with C = 0
and 6 = 1. Thus, the critical values are in error since the
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i 5 1
Fig. 8b. Beta
p=2, q=2
2 >
1%
0 =% 1
Fig. 8c. Beta
p=2, q=3
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the maximum likelihood estimators for C and 8 are not invari-
ant. The K-S critical values used in this power study are
regenerated using invariant estimators of C and & and a simu-
lation sample size of 5000. The Chi-Square critical values
used in this thesis are generated using a Monte Carlo simula-
tion with five observations per cell, sample size n = 25, and
5000 repetitions. The number of times each test statistic
exceeds the respective critical value is counted. This is

the number of times the null hypothesis is rejected. The
power of the test is the number of times the null hypothesis
is rejected divided by the total number of tests, 5000. The
two power studies, one for each null hypothesis, are performed
with sample size n = 25. The entire power study for the two
null hypotheses and the 10 alternate distributions is repeated
for n equal to 5 and 15. However, for n equal to 5 and 15,

2 2

only the power comparisons between the A“, W“, and K-S

goodness-of-fit tests are considered.

Analysis of Critical Values
vs Shape Parameters

The tabled critical values for the Anderson-Darling
and the Cramer-von Mises tests are generated for each value
of shape parameter K equal to .5, 1.0, 1.5, 2.0, 2.5, 3.0,
3.5, and 4.0. The apparent relationship between the shape
parameters and the critical values is investigated using re-
gression analysis. A graphical relationship between the shape

parameters and the critical values is also presented.
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Computer Programs

The computer programs used in this thesis are pre-

sented in Appendix E.
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IV. Use of the Tables

This chapter discusses the use of the tabled criti-

cal values for the A2

and W2 goodness-of-fit tests generated
in this thesis for the three-parameter Weibull distribution.
An example'follows an explanation of the basic procedures in
the use of the tables.

For both the Anderson-Darling and Cramer-von Mises
goodness-of-fit tests, a theoretical distribution F(x) is

2 or AZ

compared to an observed distribution Sn(x). The W
statistic is calculated using the appropriate equation (Eq 4
or 6). If the value of the statistic exceeds a certain level
(critical value), the theoretical distribution is rejected.
The steps in applying this procedure are:

1. Determine thé'sample size n and the level of
significance, ao. The oa-level is the probability of rejecting
the null hypothesis that the sample follows the theoretical
distribution when, in fact, the null hypothesis is true.

2. Specify the shape parameter for the hypothesized
theoretical Weibull distribution. The invariant property

of the A2 and W2

test allows the scale and location parameters
to be unspecified.

3. Select, in a random manner, the n observations
from the population to be tested. The n observations are

ordered from smallest to largest.

28
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4. Estimate the unknown location and scale para-
meters from the observed sample using the method of maximum
likelihood. 1If the parameter estimation method developed by
Harter and Moore is used, care must be taken to prevent the
location estimators from being mapped onto zero. Any number
can be added to all the sample values so the location esti-
mator remains positive. vThis transformation will not adversely
affect the test because of the invariant property of the EDF
statistics.

5. Completely specify the hypothesized Weibull
distribution F(x) using the estimated scale and location
parameters and the set shape parameter.

6. Determine the value of the test statistic, WZ
or A2 by using Eq (4) or (6).

7. With the sample size n, the significance level
a , and the shape parameter K, extract the critical value
from the tables in Appendix A or B.

8. Reject the null hypothesis if the value of the
test statistic exceeds the critical value. If the test sta-
tistic does not exceed the critical value, we fail to reject
the null hypothesis and conclude there is insufficient evidence
to say the observed sample does not follow the hypothesized

Weibull distribution with shape parameter K.

Example
The following example illustrates this procedure for

the Cramer-von Mises test.

29




The following ten failure times are tested to deter-
mine if they follow a Weibull distribution with K = 3.5 at a
equal .05: 2.22, 2.26, 2.26, 2.44, 2.47, 2.49, 2.61, 2.67,

3.14, and 3.44 months. The hypothesis tested is:

Ho: Sample data follows a Weibull distribution,
K = 3.5 versus
Ha: Sample data follows some other distribution.

The Harter and Moore subroutine yields the estimated para-
meter values: 1location E = 1.427 and scale 8 = 1.328. Using
these two estimators and the shape K = 3.5 in Eq (9), the
value of the hypothesized distribution is calculated for each

sample value. These calculations are shown in Table I.

TABLE I
Example: x and F(x)
i X F(x)
1 2.22 .148
2 2.26 .174
3 2.26 177
4 2.44 .322
5 2.47 . 347
6 2.49 .370
7 2.61 .481
8 2.67 .543
9 3.14 .911
l 10 3.44 .986

Using Eq (4), the W statistic equals .144. The critical value

extracted from Table XVI with o equal .05, n = 10, and K = 3.5

is .142. Since .144 > .142, the null hypothesis is rejected.
30




Thus, the ten failure times follow a distribution other than

the Weibull distribution with shape parameter 3.S5.

31
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V. Discussion of the Results

This chapter discusses the results obtained in this
thesis. The results as they pertain to the four objectives

set forth in Chapter I are presented.

Presentation of the Cramer-von Mises

andﬁtBe*Anderson—Darling,TaBTés ot
Critical Values

2 2

The tabled critical values for the W® and A® goodness-
of-fit tests for sample sizes n equal to 5, 10, 15, 20, 25,
and 30 and shape parameter K equal to .5, 1.0, 1.5, 2.0, 2.5,
3.0, 3.5, and 4.0 are presented in Appendices A and B, res-
pectively. Each table presented is valid for a specific shape
parameter.

In general, the critical values for the Cramer-von
Mises test tend to monotonically increase for each level of
significance as the sample size increases from 5 to 20. When
the sample size is increased from 20 to 30, this increasing
trend breaks down. The trend for the critical values for
the Anderson-Darling test is interesting. With shape para-
meter K equal .5 and 1.0, the Az critical values are monotoni-
cally decreasing for each level of significance as the sample
size increases from 5 to 25. However, with the shape para-
meter equal to 1.5 and greater, the opposite trend develops;
the critical values are monotonically increasing. Similar to

2

the W critical values, the trends for the Az critical values
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breaks down as the sample size becomes large. For both
goodness-of-fit tests, the critical values may, in fact, be
approaching a limit as the sample size becomes larger than
25. The Monte Carlo variability of the experiment may also
cause the critical values to fluctuate. The critical values
for sample size greater than 25 can be investigated in two
ways. First, the simulation sample size can be increased
from 5000 to 10000. It is known that the error associated
with a Monte Carlo simulation is proportional to 1//N, where
N is the number of repetitions of the simulation (22:259).
Thus, increasing N would have the effect of reducing the vari-

2 and WZ

ability. Second, the critical values for both the A
goodness-of-fit tests can be investigated for sample sizes n
equal 40, 50, and 60. The monotonic decreasing or increasing
trend, thus, may be easier to detect. However, either in-
creasing the simulation repetitions N or increasing the

sample size n would require much more computer time and,

therefore, is beyond the scope of this thesis.

Validation of Computer
~Programs

The computer programs used are validated by compar-
2

ing a modification of the A% and W critical values generated
in this thesis to the approximate critical values calculated
by M.A. Stephens for the exponential distribution (25:359).
This comparison is possible since the Weibull distribution
with shape parameter equal to one and location parameter

equal to zero reduces to the exponential distribution.
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Setting K = 1 and C = 0, Weibull deviates are gener-
ated. The scale parameter § is estimated and the critical
values for the Anderson-Darling and the Cramer-von Mises
tests are calculated for sample sizes n equal to 5, 10, 15,

2

20, and 30. The A® critical values are modified using Eq (33)

and the WZ critical values are modified using Eq (34):

A k2. 3 (33)
n
Wl « =18 (34)

n

where the A2 and Wz

are the Anderson-Darling and Cramer-von
Mises critical values generated in this thesis and n is the
sample size. The modified critical values are compared to
the critical values derived by Stephens for a level of signi-
ficance equal to .15, .10, .05, and .01, The comparisons

2

for the W2 and A“ critical values are presented in Tables II

and III, respectively. The comparisons are good.

Power Investigation

A power comparison is made between the Chi-Square,
Kolmogorov-Smirnov, Cramer-von Mises, and Anderson-Darling
goodness-of-fit tests for the three-parameter Weibull distri-
bution with the scale and location parameters unspecified.

The power comparisons are made using random deviates generated
from the ten alternate distributions discussed in Chapter III.
The Weibull distribution with shape parameter X = 1 and shape

parameter K = 3.5 are both considered as the null hypothesis.
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TABLE II
Cramer-von Mises W2
We(1+.16/n) Stephen's
l-a n Critical
‘ 5 10 20 k{1] Values
.85 .155 .150 .149 .146 . 149
.90 .180 .178 .173 .171 171
.95 . 226 .227 .220 .214 .224
.99 .324 .323 .358 .326 .337
TABLE III

Anderson-Darling A2

A2(1+1.S/n-5/n2) Stephen's
1-a n Critical
5 10 20 30 Values
.85 .928 .999 .998 . 940 .922
.90 1.071 1.173 1.153 1.083 1.078
.95 1.345 1.492 1.438 1.333 1.341
.99 1.996 2.220 2.053 2.000 1.957

The power of the Chi-Square test is only included at sample
size n = 25, As expected, the power of the Chi-Square test
is lower than the other three goodness-cf-fit tests. The

2, and the A2 tests are

power comparisons between the K-S, W
discussed by first considering the null hypothesis with K = 1

and then for K = 3.5.
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Shape Parameter K Equal 1.0. The hypothesis tested

is

Hj: The sample data follow a Weibull distribution
with shape equal one versus

Ha: The sample data follow some other distribution.

The power comparisons between the goodness-of-fit
tests are presented in Table IV for a-level equal .05, and
Table V for a-level equal .01. The power of the goodness-of-
fit tests when the null hypothesis is true should achieve the
claimed level of significance. There are differences for the
power of the tests in the third decimal place from the exact
significance level. These discrepancies can possibly be
explained by the Monte Carlo variability of the experiment.

At the o equal to the .05 level of significance, the
power of the Cramer-von Mises test is generally greater than
the power of the Anderson-Darling or the Kolmogorov-Smirnov
tests. The trend is evident for sample sizes n equal to 25
and 15 and for the alternate distributions with the exception
of the Gamma, shape equal two when n = 15. For the deviates
generated from the alternate distributions at @ equal .05 and
sample size n equal to 25 and 15, the power study indicates

the power of the three tests in decreasing order are: Wz,

Az

, and K-S. For sample size n = 5, the power of all the
goodness-of-fit tests are quite low; they are all very close
to the level of significance of the test. This indicates
the three goodness-of-fit tests are not very good when only

five observations are used in the test. With five
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observations, the three tests are not able to differentiate
the alternate distributions from the Weibull distribution
with shape parameter equal one.

Shape Parameter K Equal to 3.5. The hypothesis tested

is:
Ho: The sample data follow a Weibull distribution
with shape parameter equal 3.5 versus
Ha: The sample data follow some other distribution.

The power comparisons between the goodness-of-fit
tests are presented in Tables VI for a-level equal .05 and
VII for a-level equal .01. When the null hypothesis is true,
both tests do achieve the claimed level of significance. The
differences, again, may be due to the Monte-Carlo variability.

Generally, the A2 2

test is more powerful than the W® and K-S
tests. This study showed for the alternate distributions

tested at o equal .05 and sample size n equal to 25, 15, and
2

’

5 the power of the three tests in decreasing order are: A
2

W®, and K-S. In contrast with the first hypothesis (Weibull,
shape equal one), the three goodness-of-fit tests are better
when the sample size is five. However, the value of the three
goodness-of-fit tests for small sample sizes is questionable.
The problem with small sample sizes could be further investi-
gated by expanding the power study to include other hypothe-
sized Weibull distributions, including sample size n = 10,
investigate additional alternative distributions, or investigate
other goodness-of-fit tests. However, all these alternatives

take additional computer time and are beyond the scope of
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this thesis.

Relationship Between the Critical
Values and the Shape Parameters

The relationship between the Anderson-Darling and
the Cramer-von Mises critical values and the Weibull shape
parameters is investigated using both graphical and regres-
sion techniques. The graphs of the W2 critical values versus
the Weibull shape parameters are presented in Appendix C.

The graphs for the A2

critical values versus the shape para-
meters are presented in Appendix D.

For the Anderson-Darling goodness-of-fit test, the
relationship between critical values and shape parameters
one and greater is investigated using regression analysis.

The best model found to represent the relationship is:
Y = a; + a;(1/x) (35)

where Y is the critical value and x is the shape parameter
greater than or equal to one. For the figures in Appendix

D, the AZ critical values increase from shape .5 to 1.0, then
decrease as the shape parameter is increased to 4.0. There-
fore, the relationship between the A2 critical values and

the shape parameter is only investigated for shape parameters
1.0 and greater. In Eq (35), a, is a constant and ay is the
coefficient of the independent variable. The coefficients,
a, and a,, are presented in Table VIII. Separate coefficients
are presented for sample sizes 5, 10, 15, 20, 25, and 30 and
for levels of significance .20, .15, .10, .05, and .01.
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The R2 value on the tables is a measurement of the

percent of total variation explained by the regression line.

A1l RZ

2

values are above .80. Twenty-five regressions have an

above .90, and 16 have an R% of .99. Thus, Eq (35) is a
2

R
good approximation of the relationship between the A
critical values and the We{bull shape parameters.

Eq (35) is also a very good approximation of the
relationship between the Cramer-von Mises critical values and
the Weibull shape parameters equal to 1.5 and greater. For
most of the figures in Appendix C, the critical values de-
crease (shape .5 to 1.0), then increase (shape 1.0 to 1.5),
and then decrease again (shape 1.5 to 4.0). Therefore, the

2

relationship between the W® critical values and the shape

parameters is investigated for shape parameters equal to 1.5

2 greater than .90, and

2

to 4.0. All 30 regressions have an R
25 are above .98. The coefficients and R® values are pre-
sented in Table IX.

An example will demonstrate the use of these tables.
Suppose a w? critical value is desired for shape parameter
K = 2.8, sample size n = 20, and an a-level of .10. The value

of the ag and a, coefficients are extracted from Table IX.

1
The coefficients and the inverse of 2.8 are substituted into

Eq (35). Thus,
Y = .09 + ,099(1/2.8) (37

yields a W2 critical value of .125.
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VI. Conclusions and Recommendations

The following conclusions are made based on the
results obtained in this thesis.

1. The tabled Anderson-Darling and Cramer-von Mises
.critical values for the three-parameter Weibull distribution
are valid. In the Monte Carlo simulation, both tests achieved
the claimed level of significance when the null hypothesis is
true.

2. The conclusions based on the power comparison
study is applicable for at least the ten alternate distribu-
tions discussed in Chapter III. The Kolmogorov-Smirnov,
Anderson-Darling, and the Cramer-von Mises goodness-of-fit
tests are not very powerful when the sample size is five.
When the hypothesized distribution is the Weibull with shape
parameter equal 1.0, the power of the tests in descending
order are: Wz, Az, and K-S. When the hypothesized distribu-
tion is the Weibull with shape parameter equal 3.5, the power
of the tests in descending order are: AZ, Wz, and K-S.

3. The Anderson-Darling critical values are related
to the inverse of the shape parameter for the Weibull distri-
bution when the shape parameter is one and greater. The same
inverse relationship exists for the Cramer-von Mises critical

values for the Weibull distribution when the shape parameter

is 1.5 and greater.
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Recommendations

Based on observations made during the investigation,
the following recommendations are proposed for further study.

1. Calculate the critical values for the Anderson-
Darling and Cramer-von Mises tests for the three-parameter
Gamma distribution when the scale and location parameters are
unspecified.

2. Modify Mann, Scheuer, and Fertig's S statistic
to calculate the critical values for the three-parameter
Weibull distribution. The power of the S test can be compared

2

to the power of the A®, WZ, and K-S goodness-of-fit tests to

determine which is most powerful.

3. Investigate the X and w2

and possibly other
goodness-of-fit tests for small sample sizes. The simulation
sample size can be increased, other alternative distributions
investigated, or additional shape parameters of the Weibull
distribution can be considered as the hypothesized distribution.

2 and W2

4. 1Investigate the A goodness-of-fit tests
for large sample sizes. The critical values for n equal to
40, 50, and 60 can be investigated and the simulation sample
size can be increased.

5. Investigate the possibility of developing a more
efficient (in terms of computer execution time) parameter
estimation routine for the Weibull distribution. The new
routine can then be compared to the Harter and Moore routine

used in this thesis to determine the most efficient.
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APPENDIX A

Tables of the Cramer-von Mises Critical

Values for the Weibull Distribution
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TABLE X

Cramer-von Mises WZ
Shape Parameter Equals .5

Y 4

Sample Level of Significance
Size
n .20 .15 .10 .05 .01
5 .109 .121 .138 .169 . 257
10 .118 .133 .157 .195 .293
15 .120 .138 .160 .204 .310
20 .127 .144 .169 .210 .318
25 .128 .146 171 .219 .332
30 .125 .142 .166 .211 .334
TABLE XI

Cramer-von Mises WZ
Shape Parameter Equals 1.0

Sample Level of Significance
Size
n .20 .15 .10 .05 .01
5 .096 .106 .118 .141 .209
10 .111 .125 .146 .181 .271
15 .114 .130 .150 .186 .279
20 .116 .133 .158 .198 .304
25 .118 .136 .160 .196 . 299
30 .122 .138 .163 .206 .315
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TABLE XII

Cramer-von Mises w2
Shape Parameter Equals 1.5

Sample Level of Significance
Size
n .20 .15 .10 .05 .01
5 .110 .124 .141 .171 . 245
10 .116 . 131 .150 .186 .279
15 .117 .133 .153 .193 .289
20 .119 .133 .157 .203 .301
25 .117 .132 .155 .190 . 292
30 .123 .138 .159 .205 .301
TABLE XII1I

Cramer-von Mises wz
Shape Parameter Equals 2.0

Sample Level of Significance
Size
n .20 .15 .10 .05 .01
5 .101 . 111 .125 .148 .198
10 .104 .118 .134 .165 . 232
15 .104 .117 .136 .163 .237
20 .108 .122 .139 .172 .251
25 .104 .118 .137 .167 . 245
30 .107 .122 .141 .178 .248
59
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TABLE XIV

Cramer-von Mises w2

Shape Parameter Equals 2.5

Sample Level of Significance
Size
n .20 .15 .10 .05 .01
5 .094 .104 .117 .138 .196
10 .099 .109 .125 .153 .214
15 .098 .110 127 .153 .203
20 .100 .112 .128 .156 .219
25 .098 .110 .127 .157 .234
30 .102 .115 .132 .163 . 229
TABLE XV
Cramer-von Mises Wz
Shape Parameter Equals 3.0
Sample Level of Significance
Size
n .20 .15 .10 .05 .01
5 .091 .100 .111 .132 .177
10 .093 .103 .117 .144 . 207
15 .094 .104 .119 .147 . 216
20 .095 .106 .124 .150 .212
25 .095 .106 .123 .149 . 220
30 .096 .107 .124 .148 .208
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TABLE XVI

Cramer-von Mises W2
Shape Parameter Equals 3.5

Sample Level of Significance
Size
n .20 .15 .10 .05 .01
) .088 .097 .110 .126 .173
10 .091 .102 .117 .142 .198
15 .090 .100 .115 .141 .197
20 .092 .102 .117 .142 .195
25 .092 .103 .117 .146 .207
30 .094 .107 .124 .153 .218
TABLE XVII
Cramer-von Mises w2
Shape Parameter Equals 4.0
Sample Level of Significance
Size
n .20 .15 .10 .05 .01
5 .087 .096 .107 .128 .178
10 .089 .099 .113 .134 .185
15 .089 .099 .113 .138 .196
20 .092 .102 .117 .143 .203
25 .090 .099 .114 .140 .189
30 .091 .101 .116 .140 . 206
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APPENDIX B

Tables of the Anderson-Darling Critical

Values for the Weibull Distribution
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TABLE XVIII

Anderson-Darling A2

Shape Parameter Equals

.5

Sample Level of Significance
Size
n .20 .15 .10 .05 .01
5 1.057 1.144 1.309 1.617 2.427
10 . 875 .972 1.104 1.365 2.090
15 .834 .937 1.075 1.292 1.946
20 .812 .903 1.051 1.290 1.974
25 . 807 . 888 1.022 1.312 1.951
30 .802 .903 1.043 1.304 1.888
TABLE XIX
Anderson-Darling A2
Shape Parameter Equals 1.0
Sample Level of Significance
Size
n .20 .15 .10 .05 .01
5 1.918 1.973 2.040 1.147 2.400
10 1.131 1.194 1.284 1.451 1.855
15 .954 1.035 1.147 1.355 1.879
20 .874 .961 1.096 1.322 1.885
25 . 850 .941 1.069 1.287 1.875
30 .838 .927 1.055 1.240 1.806
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TABLE XX

Anderson-Darling A

2

Shape Parameter Equals 1.5

Sample Level of Significance
Size
n .20 .15 .10 .05 .01
5 .670 .728 .814 . 966 1.267
10 .698 .775 .873 1.062 1.529
15 .700 .779 . 886 1.059 1.482
20 .722 .804 .914 1.131 1.525
25 .741 .822 .939 1.136 1.605
30 31 .807 .923 1.111 1.672
TABLE XXI
Anderson-Darling A2
Shape Parameter Equals 2.0
Sample Level of Significance
Size
n .20 .15 .10 .03 .01
5 .581 .631 .707 . 819 1.067
10 .606 .664 .750 .885 1.195
15 .630 .696 777 .938 1.279
20 .635 .698 .791 .957 1.292
25 .641 .706 .801 .964 1.375
30 .642 .707 .797 .964 1.314
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TABLE XXII

Anderson-Darling A2

Shape Parameter Equals 2.5

Sample Level of Significance
Size
n .20 .15 .10 .05 .01
5 .542 .588 .647 .760 .982
10 .573 .623 .698 .819 1.089
15 .581 . 645 .719 .867 1.155
20 .594 .656 .742 . 885 1.227
25 .601 .657 .743 . 899 1.224
30 .590 .655 .734 .881 1.193
TABLE XXIII
Anderson-Darling A2
Shape Parameter Equals 3.0
Sample Level of Significance
Size
n .20 .15 .10 .05 .01
5 .534 .580 .647 .739 .963
10 .558 .612 .683 .804 1.101
15 .558 .614 .696 .824 1.114
20 .561 .621 .713 .841 1.156
25 .573 .625 .712 . 844 1.148
30 .573 .634 .708 .837 1.127
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TABLE XXIV

Anderson-Darling A2
Shape Parameter Equals 3.5

Sample Level of Significance
Size
n .20 .15 .10 .05 .01
5 .515 .561 .621 .714 .904
10 .538 .586 .660 775 1.044
15 . 542 .595 .672 .809 1.126
20 .554 .602 .683 . 815 1.118
25 . 547 .601 .684 .817 1.104
30 .560 .615 .696 . 847 1.207
TABLE XXV

Anderson-Darling A2
Shape Parameter Equals 4.0

Sample Level of Significance
Size
n . 20 .15 .10 .05 .01
5 .520 .563 .616 .712 .925
10 .528 .574 .652 .765 1.054
15 .527 .577 .644 .768 1.048
20 .536 .588 .672 . 805 1.086
25 .535 . 587 .659 .782 1.099
30 . 546 .600 .670 .792 1.122
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APPENDIX C

Graphs of the Cramer-von Mises Critical

yalues Versus the Weibull

Shape Parameters
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SHAPE VS CRITICAL VALUES
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Program to Calculate the Cramer-von Mises Critical Values

310, 72700, 1070, CM100000. TBOOG 13, BUSH, 4022
ATTACH, IMSL. ID=L I BRARY, SN=ASD.
LIBRARY, IMSL.,
FTNS, ANSI=0,
LGO.

REOR

PROGRAM CVM
‘l‘tl**t‘it#tltitt‘lxttlttltttttii’t***ti**titt!l*t*t!!t*t!tititt*
ntutuutnunxnxuuu:xunxnz:uxnnuuuuunuutu
tTHIS PROGRAM GENERATES THE CVM STATISTICS
28000 REPS .
3THE TABLES GENERATED ARE VALID FOR THE WEIBULL DISTRIBUTION
EN=GAMPLE SIZE = 5, (5),2
$SS1=0 IF SCALE FARAMETER (THETA) IS KNOWN

tSSi=1 IF THETA IS TO BE ESTIMATED
£S52=0 IF GHAFE( K ) IS KNOWN

2552=1 IF ( K ) 1S TO EE ESTIMATED
$SS370 IF LOCATION(C) IS KNOWN

$SS3u1 IF C IS TO BE ESTIMATED
BC1=INITIAL ESTIMATION OF C (OR KNOWN VALUE)

$T1=INITIAL ESTIMATION OF THETA (OR KNOWN VALUE)
SEK1=INITIAL ESTIMATICON OF ALPHA (DR KNOWN VALUE)
tttlt*!**"it!ti#t*t!i*!l*ltl!ttkti*tt**xktt!t*t!*‘tlitklttti‘.tlt
ti*itti‘lt‘l‘t‘!t‘ltiil‘ixiiti#ttxtk‘l‘l*#kit#t!iiXt‘liX!*Xt!!”tttxt‘ktkt
COMMON/EAY/Z(100) N

COMMON/SAND/SS1, §52, SS3,M, C1, T1,EX1, MR

DOUELE FRECISION DSEED

DIMENSION FX (603 ,AA(SG00) XX (53023, YY (S5002)

INTEGER REP,PP

DSEED=10300, GDO

MR=0

REP=5002

NOS=REF-~2

NUM=REP-2

0000000000000 000
LA R R R RN R

% CALCULATEE (I-.%)/N RANKS -

0oao

YY(1)=0

YY(REP) =1

DO 405 L=2,REP=~1

YY(L)=((l.~1)~,%) /NOS

405 CONT INUE
READ%,SS1,$52,853,C1,71,EK1
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719

a8

500

89

400

aoo

PRINT*,SSt,552,583,C1, T1,EKL
PRINTX

PRINTX .

PRINT®

PRINT * (2X,A,F5.1)",’SHAPE = *,EK1
PRINT *(2X,M° ,° ’
PRINT%

DO 100 PP=S,30,5
N=PP

M=N

DO 99 KK=1,5000
CALL GGWIB(DSEED,EK1,N,2)

DO 719 IK=1,N

Z20IK) = 1, %ZCIK)+2.

CONTINUE

CALL VSRTA(Z,N)

CALL WEIBULL(CSJ,TSJ,EKSI)

DO 88 L=1,N

FX (L) =1.-EXP (= ((Z(L)~-CSJ) /TSI 45EKSI)

CONT INUE

Wevm = 0,

XN=N

DO 500 I=i,N

Xy =}

WOUM = WCVM + (FX(I)—(2.%XI=1.) / (2.%XN)) %42
CONTINUE

WOVM = WCVM+1./ (12, $XN)

AALKK) = WCVM

CONT INUE _

CALL VSRTA(AA,S000)

DO 400 L = 1,REP=2 .

XX (L+1) = AA{L)

CONTINUE

CALL ENDFT (XX, YY,REP,NUM)

%2 PRINTS PERCENTILES

"FRINT ?(2X,A,12)°,’FOR N = *,PP

PRINT 2 (2X,A)°,"* *

PRINTX

PO 410 J= 80,95,5

DO 420 [I= {,FEP

1= REP + 1-11

1F (YY(D).LT, (J3/100.0))THEN

SLOPE = (YY(I+1) = YY(I)) /7 (XX(I+1) =~ XX(I))
72= -SLOPE & XX(I) + YY(I)
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PRINT *(2X.A,12.A,F9.48)",
C*THE®* ,J.’TH PERCENTILE 18°,
C((J3/100.)~-22) /SLCFE

° PRINTX

GOTO 4310

ENDIF

420 CONTINUE
410 CONTINUE

DO 430 AK=}1,REP

K = REP+1-AK

IF (YY(K).LT..99) THEN

GOTO 999 -

ENDIF

430 CONTINUE

999 SLOPE = (YY(K+1)=YY(K)) / (XX(K+1)=XX(K))

22= -SLOPEXXX(K) + YY(K)

PRIMT * (2X,A.F9.4)°,
C’THE 99TH PERCENTILE IS°,
€(.99-22) / SLOFE

PRINTS

PRINTX .

PRINTX

PRINT®

100 CONTINUE :

PRINT *(2X,F9.4,4X,F9.4,4X,F9.4)*, CSJ,TSJ,EKSJI

END
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Program to Calculate the Anderson-Darling Critical Values

J20, T4000, 1070, CM10G0000. THO061S, BUSH, 4022

ATTACH, IMSL, 1D=L I ERARY , SN=ASD.

LIBRARY, IMSL.

FTNS, ANSI=0. .
‘LBO.

$EDR

PROGRAM CUM
1 F 7372323323233 3222222322822 08323333333 33333383 3333323338333 ¢82¢
1 3333883333232 333233 2233333333333 2833883333333 33333373333333%334]
$THIS PROGRAM GEMERATES THE A-D STATISTICS

£5000 REFS .
$THE TADLES GENERATED ARE VALID FOR THE WEIBULL DISTRIBUTION
IN=SAMPLE S1ZE= S, (5),30
$5S1=0 IF SCALE PARAMETER (THETA) 1S KNOWN
$8S1=1 IF THETA IS TO BE ESTIMATED
¥SS2=0 IF SHAPE( K ) IS KNOWN
£SSP=1 IF ¢ ¥ ) 1S TO BE ESTIMATED
$553=0 IF LOCATION(C) IS KNOWN

$SS3=1 IF C IS TO BE ESTIMATED
RCI=INITIAL ESTIMATION GF C (AR KNGWN VALUE)
&Ti=INITIAL ESTIMATION OF THETA (OK KMNOWN VALUE)
SEK1=INITIAL ESTIMATION OF ALPHA (OR KNOWN VALUE)

1320220 PR R R R R R 283023233433 33023323 382383384
122 2233223003323 023 8338323333323 23333327333 833333333383%33
COMMON/RAY /2 (100) N

COMMON/SAND/SS1,582,853,M,C1,T1,EKL, MR

DOUELE PRECISION DSEED

DIMENSION FX(&0) ,AA(S000), XX (5002}, YY (S002)

INTEGER REP,FP

DSEED=10000, 0DO

MR=0

NZERO=0

NONE=0

REP=5002

NUM=REP=2

NOS=REF-2

o0000000O0N0CO00000
LR XN R R RN

*CALCULATES I~.3/N RANKS

aoo00

YY(1)=0

YY(REP) =1

DO 405 L=2,REP-)
YY(L)=((L-1)-,5)/NQS
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405

719

99

CONT INUE
READX,SS!,$52.893.C1,T1,EK1
PRINTX,SS1,882,5583,01,T1,EKL
PRINT%

PRINTS

PRINTX

PRINT *(2X,A,F%.1)",*SHAPE = ’ ,EKI
PRINT * (2X,A)?  ,° :
PRINT%

DO 100 PP=S,30,5
N=PP

M=N

DO 99 KK=1,5000
CALL GGWIR(DSEEF,EKL,N,2)

DO 719 IK=1,N

ZOIK) =, 2 (1K) +2.

CONTINUE

CALL VSRTA(Z,N)

CALL WEIEULL (CSJ,T5J,EKSI)

DO 88 L={,N

FX(L)mi . -EXP (= ((Z(L)~CSJ) /TSI) ¥4EHSI)

IF (FX(L).EQ.0.) THEN

FX (LY =FX (L) +, 0001

NZERO=NZERO+1

ENDIF

IF (FX(L).EQ.1,) THEN

FXIL) = FX(L) - ,0001

NONE=NONE +1

ENDIF

CONTINUE

WaD = 0.

XN=N

DO 500 I=1,N

X1 = 1

WAD=LIAD+ (2. XXI-1) 8 (LOG(FX(I)) + LOB(1-FX(N+1~1)))
CONTINUE

WAD = (—WAD/XN) = XN

AA(KK) = WAD ‘

CONTINUE 4

CALL VSRTA (AA, 5000)

PRINT#

PRINTX

PRINT®, *N2ERO= ’ ,NZERQ

PRINTX,”NONE= * ,NONE

DO 400 L = 1,REP-2

XX(L+1) = AACL)
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400 CONTINUE
CALL ENDPT (XX.YY,REP,NUM)

2 PRINTS PERCENTILES

ana

PRINT * (2X,A,12)*,’FOR N = *,PP
PRINT (2%, A", ’
PRINTX
DO 410 J= 80,95.%
DO 420 11= 1,REP
I= REF + 1=-I1
IF (YY(D).LT. (3/100.0)) THEN
SBLOPE = (YY(I+1) — YY(I)) 7 (XX(I+1) = XX(I))
22= ~SLOPE £ XX(I) + YY(I)
PRINT ’ (2X,A,I2.A.F9.4)",
C’THE®,J.’TH PERCENTILE 15°,
C(13/100.)=22) /SLOPE
PRINTZ
GOTG 410
ENDIF
420  CONTINUE
410  CONTINUE
DO 430 AK=1,REP
K = REP+1-AK
IF (YY(K).LT..99) THEN
GOTO 995
ENDIF
430  CONTINUE
999  SLOPE = (YY(K+1)=YY(K)) / (XX(K+1)=XX{K))
22= ~GLOPEXXX (K) + YY(K)
PRINT * (2X,A,F9.4)°,
€’ THE 99TH PERCENTILE 18°,
C(.99-22) / SLOPE
PRINT :
RRINT
PRINTX
© PRINTS
100  CONTINUE
PRINT *(2X,79.4,4X,F9.4,4X,F9.4)°, £8J,T5J,EKSI
END
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Power Study

J%0, 72000, 1070, CM200000, TB20041, BUSH, 4022
ATTACH, IMSL., ID=L I BRARY, SN=ASD.
LIBRARY, IMSL.
FTNS, ANSI=0.,
LGO, PL=10000,
SEOR
PROGRAM POWER
SRR AR RS AR KRR KRR KRR R AR KRR R KRR KA KA KA T AR KK
EEEEK R KRR R KRR R R KKK R K IR RN R R KR KR KRR KKK KKK N C AN KX R R KR KKXKENX
STHIS PROGRAM GENSRATES A POWER STUDY BETWEEN THE FOLLOWINGS
8KS, CRAMER VON MISES., AMDERSON DARLING, AND CiHI-SQUARE STAT.
35000 REPS
STHIS POWZR STUDY IS VALID FOR THE WEIBULL DISTRIBUTION
SN = SAMPLE SIZE = 2%
2551=0 IF SCALE PARAMETER THETA 1S KNOWN
2SS1=1 IF THETA IS TO EE ESTIMATED
$5S2=0 IF SHAPE( K ) IS KNCWN
$582=1 IF ( K ) 18 TO BE ESTIMATED
888320 IF LOCATIONIC) IS KNOWN
$SS3I=1 IF C IS TO BE SSTIMATED
EC1mINITIAL ESTIMATION GF C (CR KNDWN VALUE)
STI=INITAL ESTIMATION CF THETA (OR KNCWN VALUE)
SEK1=INITIAL ESTIMATION OF K (OR KNOWN VALUE)
138332 02N 3303303303338 23333333 33230333332 %2543722833333383333¢%¢%
1 3323322 2202237823222 3 3 3323322232328t 222222 P23 383
COMMON/RAY/Z (1G0) N
COMMON/SAND/SS1, 582,853, M,C1, T1,EKL, MR
DCUBLE PRECISION DIZED
DIMENSION FX(60), FIX(40)
C,FFX(10),22(10),CELL(S) ,
CAAWECVM (SO00) , ARWAD (5000) , AAKS (50003 , ARCHT (T000)
INTEGER PP
DSEED=20000., 0DO
MR=0 ]
RWCVM=O,
RWHS=9,
RWAD=0,
RCHISZ=0,
N2ERO=0
NONE=0
DO 710 IN=i,6
FEX(IN) = 0. + .2%(IN-3)
710  CONTINUE
: READ*, 531,582, 583,C1, T1,EK1

0000000000000 0000
9 DE 00 U0 40 2% 9t M 90 W 0 W s N
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719

711

712

PRINT*,SS51,552, 583,01, T1,EKL
PRINT#

PRINTK

PRINTR

PRINT * (2X,A,F5.1)’,*SHAPE = * ,EK}
PRINT * (2X,M* ,° ,
PRINT%

PPR25

N=pP

M=N

PO 99 KK=1,5000
CALL GBWIE(DSEED,2.0,N,2)

LO 719 IK = 1,N

ZOIK) = 1. RZUTK) + 2,

CONT INUE :

CALL VSRTA(Z,N)

CALL WEIBULL (CSJ,TSJI,EKSD)

po 68 L=i,N

FX(L)mi. -EXP (~( (Z(L)-CSJ) /T5J) K2EKSI)

FIX(L)Y = FX1IL)

1IF (FIX(L).EQ@. O.) THEN

FIX(Li=FIX(L)+.0001

NZERO=NZERQ+{

ENDIF

IF (FIX(L).EQ.1.) THEN

FIX(L) = FIX(L) - .0001

NONE=NGNE+1

ENDIF

CONT INUE

PO 711 IN = 1,5

CELL{IN) = O,

CONTINUE

DO 712 K1 = 2,5 .

2Z (KDY = (C(LOB(L. /{1, =FFX(KI))))2%(1, /EKSI)) xTSI) +CSJ
CONTINUE

WCVI4 = O.

XN=N

WAD = ©O.

TOP=0,0

BOT=0.0

DO S00 I=1i,N

XI = 1

RLel

IF(RL/XN-FIX (1) .GT. TOP)TOP=sRL/XN-FIX(I)
IF(FIX¢I)=(RL-1)/XN .3T, BOT) BOT=FIX(I)=(RL~1)/XN
WEVM = WEVM + (FX(1)=(2,2XI=1.) /7 (2.%XN)) rk2
WADRWAD+ (2, XXI~1) X (LOG(FIX(I)) + LOG(L-FIX(N+{=1)))
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300

99

IF (2(1).LE.2Z(2)) THEN

CELL (1) = CELL(1) «

ELSEIF (Z(I).LE.2Z2(3)) THEN

CELL(2) = CELL(2) + §

ELSEIF (Z(I).LE.ZZ(4)) THEN

CELL(3) = CELL(Z) + ¢

ELSEIF (Z(I).LE.ZZ(5)) THEN

CELL(4) = CELL(4) +

ELSE

CELL(S) = CELL(S) + 1

ENDIF

CONTINUE

DIF=TOP

IF(BOT .68T. DIF)DIF=BOT

WKS = DIF

AAKS (KK) = DIF

IF (WKS.BT..2071) RWKS = RUKS + 1

WCVM n WCVM+1./7 (12, xXN)

AAWCVYM(KK) = WCVM

IF (WCVM.BT..1959) RWCYM = RWCVM + 1

WAD = (~WAD/XN) =~ XN

AAWAD (KK) = WAD

IF (HAD.GT.1.2873) RWAD = RWAD + 1

CHISQm ¢ (CELL (1) -5,)x%2) /5. + ((CELL(2)-5,)%%2)/S. +
CUCELL (D) -5.)%x%2) /S, + ((CELL(4)-5,)%xk2)/5, +
C(CELL(S)=5.) 2%k2) /5,

AACHI (KK) = CHISQ

IF (CHISQ.GT. 7.6 ) RCHISQ = RCHISR +1

CONT INUE

CALL VSRTA (AAKS, 5000)

CALL VSRTA (AAUCVM, S000)

CALL VSRTA(AAWAD, S000)

CALL VSRTA(AACHI,S000) ..

PRINTR®

PRINT

PRINTX, *NZEROw * ,NZERQ

PRINTX, > NONE= *,NONE

PRINTx

PRINTX, °*SAMPLE SI2E = *, PP

PRINTx® .

PRINT®

PRINT®, *TOTAL REJECTION % FOR K-S= ’, RWKS/%000
PRINT®

P:lNTt, *TOTAL REJECTION % FOR WCVMs ', RWCVM/5000
PRINT*

PRINT¥, " TOTAL REJECTION % FOR WAD= *, RWAD/S000
PRINTS, * TOTAL REJECTION % FOR CHISQUARE= °*, RCHISG/S000
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PRINTX
PRINT:, 'AAKE, AAWCVM, AAWAD,AACHI’

DO 768 13 = 1,5000
PRINT *(2X,14,4(F9.4))7, 1J,AAKS(IJ), AAWCVM(IJ), AAWAD(IJ),

CAACHI (1J)

763  CCNTINUE
PRINT ’(2X,F9.4,4X,F7.4,4X,F%9.4)’, CSJ,TSJ,EKSJ

END
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Harter and Moore "eibull Parameter Estimation Routine

o0 00000

COMPUTES MLE FOR WEIBULL

SUBROUTINE WEIRULL (CSJ,TSJ,EKSJI)
1333373332833 2233 332333388882
1333833333333 3383232200388
DIMENSION T(100) ,C(S50), THETA(SS0) ,EK(SS0) (X (56), Y(SH)
COMMON/RAY/Z (109) (N
COMMON/SAND/S81,552,88C,M,C1,TL,EX1,MR
REAL EKSJ °

EN=N

Q21 = (N

T(I)=T (1)

C(1)=C1q

THETAC(L) = T4

EX (L) = EKS

IF (M) 66,66,32

CONT INUE

EM=M

ELNM=O,

EMR=MR

MRP= MR+t

NM=N=M+ |

PO 34 1=NM,N

El=l

ELNM=ELNM+ALOG(EI)

IF (MR) 66,375,774

D0 75 I71,MR

El=l

ELNM=ELNM-ALOG (E1)

DG 30 J=1,.5%0

IF (J=-1) &6,25,77

JI=Jd~1

SK=0,

SL=Q,

DO &6 I=MRP,M
SKaSK+(T(1)=C(JJ)) xxEK(JJ)

IF ($s1) 7,7,.8
THETA () =sTHETA(JI)

60TO ¥

IF (MR) 66,177,220
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19
20

S3
54

-]

56

38
59

60
61
21
73

10

11
17

18

THETA (J) = ((SK+ (EN-EM) X (T (M) =C(JJ) ) KXEX(JI)) /EM) %3 (1, /EK(II))

G070 9

X(1)=THETA(II)

LS=0

DO 21 L=1,55

LLsL-§

LP=L+1

X(LP)Y=X (L)

2RKs ((T(MRP)Y-C (JJ) ) /X (L)) XXEK(IJ)

YIIL)==EK (JJ) X (EM=-EMR) /X (L) +EK(JJ) RSK/X (L) XX (EK(JT) +1.) +EK(JJ) X (EN~-
1EM) R (T (M) =C(JT) ) RXEK(III 7X (L) XX (EK(JJ) +1, ) —EMREEK(JJT) ¥ ZRKRXEXYP (~ZRK
2) 7 (XLY X (1. -EXP (~2ZRK)))

IF (VL)) %3,73.54

LS=LS~1

IF (LS+L) $8,35,%8 ¢

LS=LS+1

IF (LS-L) 58,%4,58

X(LP)=,SkX (L)

8070 61

X(LFP)=1, S5xX (L)

GOTO 61

IF (Y(LYXY(LL)) &0,73,59

L=l -1

GOTO &8

XALPY=X (L) +Y (L) 2 (X (L) =X{(LL)) Z(Y(LL)=Y (L))

IF (ARS (X (LP)=-X(L))-1,E~-4) 73,73,21%

CONTINUE

THETA (J) =X (LP)

EK{J) =EK (JI)

IF (S82) 12,12,11

DO 17 I=MRP,M

SLaSL+ALOG(T(1)=C(JI))

X(1)=EK(J)

LS=0

DO 51 L=1,5%

SLK=0,

DO 18 I=MRP,M
SLK=SLK+ (ALOG(T(1)=C(JI))~ALOG(THETA(JI) ) ) X (T (1) -C(JJ) ) xxX (L)
Lis=l-1
LP=L«+1
X(LP)=X (L)

ZRK= ( (T (MRP)=C(JJ)) /THETA(JI) ) xxX (L)

Y(L)=(EM=EMR) % (1./X (L) ~ALOG(THETA(J) ) ) +3SL~-SLK/THETA(J) X%X (L) +(EN-
1EM) X (ALOG(THETA(J) ) =ALCG(T (MY =L (JJ) 1) kLT (M) ~C(JI) ) XX (L) /THETA (D)
2% X (L) +EMRRIRI X (ALOG (ZRK) /X (L) ) XEXP (~ZRK) / (1, ~EXP (=ZRK) )

IF (Y(L)) 43,%52,44
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43
44
43
46

47
48

49
50
S1
S2
12
62
14
78
16

15

39
40
a1
42

70
71

LS=L5-1

IF (LS+L) 47,45,47

LS=LS+1

IF (LS-L) 47,46,47

X(LPY=, 52X (L)

GOTO %0

X(LP)Y=1,SxX (L)

GOTD S0

IF (Y{L)XY(LL)) 49,52,48

LL=tL-1

s0TO 47

X (LFYaX (L) +Y (L) R (X (L) =X(LL)) Z (Y (LL) =Y (L))
IF (AES(X(LP)-X(L))~1.E-4) S2,E82,51 .
CONTINLE

EK(J) =X (LP)

C(I)=C(II)

IF (883) 25,2%,14 .
IF (1.,-EK(J)) 146,78,78

IF (891+8S82) 57,857,116

X(1)=C(J)

LS=0

DO 23 L=y,55

SKi=0,

SR=0,

DO 135 I=MRP,M
SKi=GKI+(T(I)=X(L))kx(EK (J)~1.)
SRuSR+1./(T(1)=X(L))

Li=l~-1

LP=t+1

X (LP)Y=X (L)

ZRK= ((T(MRP) =X (L)) /THETA(J) ) ¥XEK (J)
VL) ea (1, -EX{J) ) 2SR4EK (T) X (SKL+ (EN=-EM) K (T (M) =X (L)) kX (EK(J)=~1,))
1/THETA(J) XXEK (]) —EMRIERK (I ) A ZREXEXP (~ZRK) /7 ({T (MRP) =X (L)) X (1, -EXP
2(¢(-2RK)))

IF (Y(L)) Z9,24,40

LS=LS~1

IF (Ls+L) 70,41,70

LS=LS+1

IF (Ls-L) 70,42,70

X{(LP)=,SxX (L)

60TO 22

X(Le)=, . SeX (L) +. 52T (1)

60T0 22

IF (v(LY)sy(LL)) 72,23,71

Lisll-4

6070 70
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72
22
23
24
57
25
38
&7

687
&9

36

27
28

30

&6

*EQR

1.40.,0.,0.,1.,1.

SEOR

X(LP)sX (L) +Y (L) (X L)=X{LL))/ZLYILL)=Y (L))
IF(ARS/X(LPY =X (L)) ~. ,E=-&) 24,24,23
CONTINUE

C(Ji=mx(LF)

GOTO 23

CtIr=T(1)

IF(MR) 66,38, 69

DO &3 1=t,M

IF(C(I)+1 . E~4-T (1)) 48,467,467

MR=MR+1

C(1)=T(})

IF(MR) 46,469,311

SK=0,

SL=0,

DO 346 I=MRP,M

SK=SK+(T(I)=C(J))XXEK(I)
SL=SL+ALOS (T (I1Y~-C(I))

ZRK= ( (T (MRP) =C (J)) /THETA(J) ) xxEK (J) .
EL=ELNM+ (EM-EMR) 2 (ALOG (EK (J)) =ERK (J) XALOG(THETA(I) ) ) +(EK*J) ~1, ) XS~
1 (SK+(EN-EM) X (T (M) ~C(J) I X¥EK(J)) /7 (THETA(J) x7EK (J) ) +EMRXALOG (L . -EXP
2(-ZRK))

IF(I~-3) 30,27,27
IF(ABS(C (1) -C(JJY)~1.E=-4) 28,28,30
IF(ABS(THETA(I) ~THETA(JJ) ) =1 . E~4) 29,29,30
IF(ARS(EK(I)-EK(JI) -1 . E-4) 4,4,30

CONT INUE

CONTINUE

CSJ=C(J)

TSI=THETA(J)

EKSJI=EK (J)

RETURN

END

SEOF
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Program to Evaluate the Endpoints

SSUBROUTINE TO EVALUATE ENDPOINTS

SUBROUT INE ENDPT (XX, YY,REP, NUM)
INTEGER REP

DIMENSION XX(REP), YY(REP)
SLOPE= (YY (2) =YY (3)) /7 (XX(2)=XX(3))
B = YY(2) - SLOPEXXX(2)

Vi = -B/SLOPE

IF (V1.LT.0.) THEN

vi=0,
ENDIF

XX (1) wV1
SLOFE= (YY (NUM) =YY (NUM+1)) /(XX (NUM) ~XX (NUM+1))
BL=YY (NUM) - SLOPEXXX (NUM)

v2=(1.-51) /SLOPE

XX (REF) 22 .
RETURN .
END
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